This paper deals with the design, development and experimentation of a new test stand for the accurate and precise characterization of small cold-gas nozzles having thrust of the order of 0.1 N and specific impulse of the order of 10 s. As part of the presented research, a new cold-gas supersonic nozzle was designed and developed based on the quasi one-dimensional theory. The test stand is based on the ballistic-pendulum principle: in particular, it consists of a suspended gondola hosting the propulsion system and the sample nozzle. The propulsion system consists of an air tank, pressure regulator, solenoid valve, battery and digital timer to command the valve. The gondola is equipped with a fin, immersed in water, to provide torsional and lateral oscillation damping. A laser sensor measures the displacement of the gondola. The developed test stand was calibrated by using a mathematical model based on the inelastic collision theory. The obtained accuracy was of ∼1%. Sample experimental results are reported regarding the comparison of the new supersonic nozzle with a commercially available subsonic nozzle. The obtained measurements of thrust, mass flow rate and specific impulse are precise to a level of ∼3%. The broad goal of the presented research was to contribute to an upgraded design of a spacecraft simulator used for laboratory validation of guidance, navigation and control algorithms for autonomous docking manoeuvres. Published by Elsevier Ltd.
Introduction
This paper aims to design and precisely characterize small cold-gas nozzles having thrust of the order of 0.1 N and specific impulse of the order of 10 s.
The main challenges include the lack of a simple analytical aerodynamic model and of a standardized experimental procedure for the performance tests.
Different solutions have been used for characterizing the performances of low-thrust nozzles. For instance, Jamison et al. [1] use a torsional scale mounted on a vacuum chamber to characterize thrusters at the nanoNewton level. Koizumi et al. [2] use also a torsional scale for liquid propellant pulsed plasma micro-Newton level thrusters, and develop a particular method for filtering the mechanical vibrations of the test stand. Polzin et al. [3] use a multi-levers test-bed to characterize massive electrical propulsion engines (∼125 kg) with a wide diverging nozzle semi-angle  converging nozzle angle  specific heat ratio  pendulum angle from the equilibrium  point  , , ballistic pendulum reference frame axes , motion reference frame axes natural pulsation range of thrust levels (100 N to 1 N). Finally, Orieux et al. [4] develop a thrust stand made of a rigid pendulum for characterizing solid propellant micro-engines with thrust between 300 N and 30 mN. For considerably higher thrusts, both the ballistic-pendulum approach [5] and the load-cell based approach have been used [6] . Our approach consists of the following three steps:
(1) We developed a ballistic-pendulum test stand, conceptually similar to the one in Ref. [5] , and we precisely calibrated it by exploiting the inelastic collision theory [7] to a level of accuracy of ∼1%. (2) We designed the supersonic nozzles based on the quasi one-dimensional theory [8, 9] , and custom built them. (3) Finally, we conducted the experimental tests by mounting the nozzles on the ballistic pendulum and we analyzed the gathered data.
Measurements of thrust, mass flow rate and specific impulse were obtained with a precision of ∼3%.
Furthermore, a performance comparison was conducted with respect to a commercially available subsonic nozzle.
The paper is organized as follows: Section 2 introduces the test stand, Section 2.5 describes the design of the supersonic nozzles. Finally, Section 2.6 reports the experimental results, and Section 3 concludes the paper.
The ballistic-pendulum test stand
This section covers the details of the test-bed design, calibration, and governing equations. A whole picture of the test stand is shown in Fig. 1 . The test stand is made of five main parts:
(1) A structural chassis. (2) A freely oscillating gondola containing the propulsion system with the sample nozzle. The gondola is suspended from the structural chassis by four thin wires. Furthermore, it is equipped with a fin, immersed in water, to provide torsional and lateral oscillation damping. (3) A water tank for immersing the fin. (4) A laser displacement sensor, which is attached to the structural chassis and measures the horizontal displacement of the gondola. (5) A desktop computer, which is used to log and analyze the data from the laser sensor.
The structural chassis
The external supporting structure is a rigid box cage with dimensions 2.43×0.91×0.61 m. It is made of aluminium beams. The gondola is hung by four nylon wires (fishing lines) attached to two beams, whose height can be regulated in order to change the natural oscillation period of the pendulum and therefore to change the instrument's sensitivity.
The propulsion system on the gondola
The propulsion system on the gondola constitutes the core of the test stand (see Figs. 2 and 3) . In particular, a high pressure fiber-glass tank stores the propellant at a maximum pressure of 17 MPa (2500 psi). The tank is rigidly connected to a pressure regulator with output range of 0-3.5 MPa (0-500 psi) measured by a gauge. The regulator is connected through a flexible tube to a normally closed solenoid valve, which finally is connected to the thrusting nozzle.
The solenoid valve opening is commanded by an electrical signal which is modulated by a digital timer, as shown in Fig. 4 . The valve opening and closing time can be pre-set on the digital timer ( T 1 3 = 0.05-9.99 s; T 2 = 0.001 s-999.9 h). A lithium-ion battery provides the necessary power. The entire propulsion system is self-contained and autonomous: it is mounted on the gondola's base consisting of an acrylic plastic panel reinforced by two longitudinal aluminium L-beams. A white paper target on a small plastic panel is mounted underneath the gondola's base, perpendicularly to it and nearby its center of mass. A laser sensor (Acuity Research Inc.-AR600) is properly attached at the structural chassis of the test stand, in order to illuminate the paper target and detect the horizontal displacement of the gondola with a resolution of 0.953 m. Each of the suspending nylon wires is in vertical position at rest and is connected to a corner of the gondola, so as to have the gondola's base always horizontal during the oscillations and the target always perpendicular to the laser sensor.
Test stand calibration model and procedure
This section describes the pendulum calibration procedure. In order to have good measurements, the gondola should start from a rest condition. Reaching this condition resulted to be a challenging task because of the sensitivity of the pendulum to external disturbances (mainly small air movement within the lab) and the negligible frictional damping of the pendulum oscillation. We solved this issue by mounting a fin underneath the gondola's base. The fin is immersed in water contained in a small tank (see Figs. 3d and 5). To the knowledge of the authors this is an original solution.
We consider two mathematical models for the system, respectively, for the calibration and for the measurements. The following two main hypotheses are made for both models:
1. The mass of the nylon wires is considered negligible. Moreover, because of the wires' configuration, we can consider the gondola as a lumped pendulum mass located at the gondola's center of mass with a pendulum length equal to the length of each wire. 2. The viscous damping of the air and the longitudinal damping due to the fin are neglected.
The validity of these hypotheses was later confirmed during the experiments.
For the calibration model, we consider the inelastic collision theory [7] : when a known impulse is given to the gondola at rest, it results in an instantaneous gain of velocity which causes oscillations. In particular, in order to cause this impulse, we used a proof mass (m p ) dropped from a known height h p (see Fig. 6 ). In order to properly hit the gondola (of total mass M), the proof mass was hung by a wire of the same length of the gondola's ones and attached to the same supporting structure. Furthermore, the proof mass was covered by a sticky material in order to remain attached to the gondola during the collision. The equations of the calibration model follow.
The conservation of mechanical energy for the proof mass yields 
When the proof mass hits the gondola, its linear momentum is conserved After the collision both masses oscillate freely and the relations (1) and (2) apply to the entire system Hence, substituting the relation (4) in (3) and after some simple algebraic steps we get the maximum height reached (h max ) as a function of the maximum horizontal displacement (x max ) and the linear momentum (I p )
Finally, we have the theoretically expected value of x max
In order to perform the calibration, the above result is compared to the experimental value of x max measured by the laser sensor during the first oscillation period after the collision. Finally, the difference between these two values is considered as a systematic instrument bias and is compensated during the measurements. Fig. 7 shows a typical laser sensor output during the calibration; the increasing amplitude oscillation before the collision is due to the air movement disturbance over the gondola. This is caused by the experimenter during the cutting of a temporary wire which secures the proof mass at the initial height.
Two different experiments for calibrating the pendulum are conducted: the first one with the proof mass hitting the gondola in correspondence of its center of mass, the second one with the proof mass hitting gondola at an offset lateral point (see Fig. 8a ). This second test was conducted to validate the effectiveness of the fin in avoiding the torsional movement of the gondola (see Fig. 8b ). Tables 1 and 2 report the results of a sample calibration experiment, conducted on the gondola system without solenoid valve and tank. In order to obtain the results of Table 2 , each of the two calibration experiments was repeated 15 times. As seen in Table 2 , the results of the lateral and central calibration test have a difference that is lower than the laser sensor's resolution: this fact confirms the effectiveness of the fin. For the sample calibration case, the bias resulted to be
Therefore, the obtained accuracy between the mathematical model and the experimental test was ∼1%. For computing the uncertainty dependent on several variables (for instance x max in Table 1 ) we used the following formula (see Ref. [10] and [11] ) Fig. 9 shows the external forces that are exerted on the gondola: the weight (Mg 0 ), the tension of the wire (S) and the thrust (T); the thrust depends on the time and is always parallel to the axis. Expressing the second law of Newton along the and axes yields
Test stand measurement model
The only equation we are interested in is the first one, because it provides the longitudinal motion. The pendulum motion of the gondola, because of the small thrust of the tested nozzles, satisfies the hypothesis of small oscillations. Therefore the sinus may be confused with the angle and the cosine with the unity, hence
since the laser sensor detects the horizontal displacement, the angle is written as a function of x
By considering the wire inextensible and by substituting the Eq. (11) in Eq. (10), we have
This relation can be put in the following form:
where z is the state vector
and the natural pulsation
The solution of the system (14) is given by
If the origin of the time (t 0 = 0) is chosen when the gondola is at rest and the solenoid valve opens (see Fig. 10 ) the first term of the right-hand side of relation (17) is null and
During the opening time interval of the valve the thrust is not constant, because of the nozzle transient. shows a possible conceptual model of the thrust evolution (dashed line) where the thrust during the transient is considered linearly dependent on the time.
Here we want to measure the average thrust T (continuous line in Fig. 11 )
The upper extreme of the integral T is different in general from T 1 . Indeed, while T 1 is the commanded opening time interval, T includes the valve opening and closing delay (see Fig. 12 ). It is convenient to use the gondola's displacement measurement from the laser sensor in correspondence to the first amplitude peak 
Design of the supersonic nozzles
In a converging nozzle the maximum Mach number of the exhaust gases is no more than one. By suitably adding a divergent the flow becomes supersonic, the thrust increases and the mass flow rate decreases (with constant total pressure and temperature).
In order to design the nozzle sections we used the quasi one-dimensional theory, as briefly explained in the following.
The basic hypotheses are For designing the nozzle, we started from the desired thrust together with the gas properties of the air, the ambient pressure and temperature values (see also Fig. 13 ). At the entrance of the nozzle the velocity may be assumed to be approximately zero and, therefore, the gas properties may be considered as total values; by knowing the ratio between the total pressure and the ambient one, the Mach number at the exit area is obtained (see Refs. [8, 9] )
therefore the temperature at the exit section is
then the sound velocity yields
and finally the exit velocity is
By assuming a standard and constant pressure in the laboratory, we can consider the expansion to be optimum (the nozzle isoentropically expands to ambient pressure)
Then, from the thrust equation the pressure term is zeroed and we obtain the flow mass rate
Moreover, from the definition of the mass flow rate we find the exit areȧ Finally, from the area ratio law we find the throat area
After having calculated the area values, we need to choose the angles of the nozzle. The converging angle does not have a critical importance because there is no boundary layer detachment; on the opposite, the divergent angle has to be as small as possible in order to limit performance loss due to boundary layer detachment. A compromise value is typically chosen, by considering also manufacturing convenience. Finally, a useful coefficient for characterizing nozzles is the specific impulse
Sample experimental results
This section reports a subset of the experimental results obtained by using the developed test stand [12] . For all of the experimental results we used the same commercially available solenoid valve (Gems Sensors and Controls Model EH2012-1/16 in-#10-32).
The numerical parameter values for designing the supersonic nozzle, used for the experiments, are listed in Table 3 . nozzle together with a commercial subsonic nozzle (Silvent-MJ5): the latter is used in our experiment as a baseline sample. Fig. 15 reports the experimental results on the variation of the thrust value as a function of the valve opening time for different values of total upstream pressure for the designed supersonic nozzle. Fig. 16 reports the results of an analogous experiment with the commercial subsonic nozzle, for a value of total pressure of 0.345 MPa (50 psi). Table 4 summarizes the experimental results for the characterization of the supersonic nozzle with T 1 = 0.1 s. The thrust value has been obtained by applying the procedure developed in Section 2.4 (in particular, Eq. (19)). The mass flow rate has been obtained by comparing the weight of the air tank before and after a 50 s long thrust. The weight was measured by using a digital scale precise to 0.001 kg. Finally, the specific impulse was determined by applying Eq. (29).
The obtained precision for all of the measurements is in the range of ∼1-3%. Table 5 reports the results of the same experiments on the subsonic nozzle.
We have compared the experimental results with the expected values given by the quasi one-dimensional theory, which we used for the design of the nozzle (see Section 2.5). A fairly good correspondence has been found, the difference being ∼15% at p 0 = 0.36 Mpa (53 psi). This difference is attributed to the hypotheses listed in Section 2.5 for the derivation of the theoretical values, and to the manufacturing dimension uncertainties.
Conclusion
A new test stand was developed for accurate and precise characterization of small cold-gas nozzles having thrust of the order of 0.1 N and specific impulse of the order of 10 s. The test stand is based on the ballisticpendulum principle: in particular, it consists of a gondola suspended through nylon wires from a supporting chassis structure. The gondola hosts the propulsion system and the sample nozzle. The propulsion system is made of an air tank, pressure regulator, solenoid valve, battery and digital timer to command the valve. One of the original solution of the paper was to mount a fin, immersed in a water tank, underneath the gondola. The fin provides torsional and lateral oscillation damping essential to reach the desired instrument accuracy. A laser sensor measures the displacement of the gondola.
The developed test stand was calibrated by using a model based on the inelastic collision theory. The obtained accuracy was of ∼1%. As part of the presented research, a new cold-gas supersonic nozzle was also designed and developed based on the quasi onedimensional gas-dynamics theory.
Sample experimental results are reported in the paper regarding the comparison of the new supersonic nozzle with a commercial subsonic nozzle. The obtained measurements of thrust, mass flow rate and specific impulse are precise to a level of 3%.
The broad goal of the presented research was to contribute to an upgraded design of a spacecraft simulator used in a proximity operations test-bed, consisting of a robotic vehicle floating over air-pads on a flat horizontal floor in order to simulate in two-dimensions the weightlessness and frictionless conditions of the orbital flight. This spacecraft simulator is used for validation of guidance, navigation and control algorithms (see Ref. [12] ) for autonomous docking manoeuvres.
The developed test stand is an effective and accurate instrument to measure the performances of small nozzles in a laboratory environment.
